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Abstract5

Radioxenon isotopes are considered as possible indicators for detecting and6

discriminating underground nuclear explosions. To monitor and sample the release of7

radioxenon isotopes, both independent and chain-reaction yields need to be8

considered together with multiphase transport in geological systems from the9

detonation point to the ground surface. For the sake of simplicity, modeling of10

radioxenon isotopic radioactivities has typically been focused either on chain11

reactions in a batch reactor without considering multiphase transport or on12

radionuclide transport with simplified reactions. Although numerical methods are13

available for integrating coupled differential equations of complex decay networks, the14

stiffness (with greatly differing decay rates) of ordinary differential equations may15

require substantial additional effort to obtain solutions for the fully coupled system.16

For this reason, closed-form solutions for sequential reactions and numerical solutions17

for multi-parent converging and multi-daughter branching reactions were previously18

developed and used to simulate xenon isotopic radioactivities in the batch reactor19

mode. In this paper, we develop a fully-coupled numerical model which involves20

tracking 24 components (i.e., 22 radionuclide components plus air and water) in two21

phases to enhance model predictability of simultaneously simulating xenon isotopic22

transport and fully-coupled chain reactions. To validate the numerical model and23

verify the corresponding computer code, we derived closed-form solutions for24

first-order xenon reactions in a batch reactor mode and for single-gas phase transport25

coupled with the xenon reactions in a one-dimensional column. Finally, cylindrical26

3-D simulations of two-phase flow within a dual permeability fracture-matrix27

medium, simulating the geo-hydrologic regime of an underground nuclear explosion,28

indicate the existence of both a strong temporal and spatial dependence of xenon29

isotopic ratios sampled at the surface. In the example presented here, temporally30

evolving subsurface xenon isotopic ratios are found to migrate cross the31

discrimination line delineating civilian nuclear activities from an underground nuclear32

explosion in the Kalinowski Multi-Isotope Ratio Chart.33

34
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1. Introduction36

Radioxenon isotopes, 131mXe, 133mXe, 133Xe, and 135Xe, are considered as candidate indicators for37

detecting underground nuclear explosions (Bowyer et al., 2002; Kalinowski et al., 2010; Kalinowski,38

2011; Lowrey et al., 2012, 2013). To discriminate an explosion-induced signature from that of civilian39

sources, it is necessary to study the xenon production mechanism from a nuclear explosion and the40

transport to the ground surface. Due to the complexity of radioactive decay-chain networks, the41

xenon-source term from a nuclear explosion was previously estimated in multiphase transport models42

based on detonation yield without considering chain-reaction production (Carrigan et al., 1996; Sun43

and Carrigan, 2012). On the other hand, chain yields have been modeled in batch reactor mode44

without considering transport (Kalinowski et al., 2010; Kalinowski, 2011).45

Since Bateman (1910), radioactive decay and ingrowth have been often treated as first-order se-46

quential reactions without considering branching and converging connections (e.g., Pigford et al., 1980;47

van Genuchten, 1985; Sun et al., 1999a; Slodic̆ka and Baláz̆ová, 2008; Srinivasan and Clement, 2008).48

However, fission products, including xenon isotopes, can be formed directly (as independent yields or49

initial conditions) from fissions and through successive chain reactions (Saey et al., 2010). As shown50

in Fig. 1, xenon production involves multi-parent converging and multi-daughter branching reactions51

(Sun and Clement, 1999; Sun et al., 1999b; Lu et al., 2003; Sun et al., 2004; Yuan and Kernan, 2007).52

While parent species may be assumed to stay in solid or the liquid phase remaining well-contained53

in the chimney (Carrigan and Sun, 2012), xenon isotopes will be produced and transported in the54

gas phase from a detonation point to the ground surface. Therefore, xenon isotopes or their daughter55

products can be sampled in principle at or near the ground surface for discrimination purposes.56

Using a batch-reactor model, the ordinary differential equations of the first-order reactions have57

been solved either analytically (e.g., Sun et al., 1999a, 2012) or numerically (e.g., Kalinowski et al.,58

2010; Kalinowski, 2011) and the resulting solution of the first-order chain reactions has been further59

used to calculate the Multi-Isotope Ratio Chart (MIRC, Kalinowski et al., 2010) used in discriminating60

between an underground nuclear explosion (UNE) and a civilian application. Because of the stiffness of61

ordinary differential equations involving a large difference (e.g., 6-orders of magnitude) in decay rates,62

additional numerical effort is required to meet convergence standards (Radhakrishnan and Hindmarsh,63

1993). To avoid an extra computational expense for dealing with possible stiff reactions, closed-form64

solutions are preferred. In addition, closed-form solutions are required for the verification of numerical65

codes, which can be utilized in solving more complex, practical problems.66
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Figure 1. Reaction networks of (a) 131, 133, and (b) 135 isotopes. Reaction structure, independent
fission yields, and decay branching factors are referred to England and Rider (1994). Isotopes,
i = 1, 2, · · · , 8 in (a), represent In, Sn, Sr, Te-m, Te, I, Xe-m, and Xe. Isotopes, i = 1, 2, · · · , 6 in
(b), represent Sn, Sr, Te, I, Xe-m, and Xe. α is branching factor. For the simplicity of mathematical
formulation of reaction matrices and model development, isotopes are labeled by numbers.

67

Several numerical computer codes have been developed in the past for modeling reactive transport68

in geological systems (e.g., Nitao, 1998; Xu et al., 1998; Clement et al., 1998). A wide range of69

kinetic reactions at various time scales and equilibrium reactions are coupled with partial differential70

equations of multiphase flow and transport (Sun et al., 1998). Those reactive-transport codes have71

been mostly used for predicting liquid-phase concentrations. Nitao (1998) developed the capability of72

chain-reaction kinetics with multiphase flow and transport in NUFT code (see also Hao et al., 2012).73

Lowrey et al. (2012; 2013) used UTEX, a finite-difference code for modeling single-gas phase transport74

of xenon isotopes in a single fracture with chain reactions. Sun and Carrigan (2012) developed a nu-75

merical model of multiphase flow and transport in a realistic system with thermally-driven advection,76

barometric pumping, and diffusion, but without chain-reaction yields, that is, only the instantaneous,77

independent yield was considered.78

In this paper, we develop a numerical modeling capability for simulating multiphase transport of79

noble gas radionuclides assuming fully coupled decay-chain networks with branching and converging80

reactions. Due to the lack of corresponding closed-form solutions for validating the numerical model81

and verifying the NUFT code, we further derive closed-form solutions for xenon-chain reactions in82

a batch reactor as well as for reactive transport in a 1-D column. In addition, we verify numerical83

solutions of chain reactions (Kalinowski, 2011; Nitao, 1998) in the absence of transport processes.84

Using the NUFT code, a numerical model is developed for studying multiphase flow and reactive85

transport and examining the Multi-Isotope Ratio Chart as a function of space and time for a geo-86

hydrologic regime of an actual UNE.87

2. Methods88

The mathematical model of radioxenon production and transport must be solved either directly89

through analytical means or by employing numerical methods. In this section, we derive an analytical90
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solution of the Xe-131m, -133m, -133, and -135 first-order reactions using analytical singular-value91

decomposition, and introduce the NUFT capability for fully coupled reaction kinetics coupled with92

multiphase transport. The analytical-solution scheme is also applied to derive a closed-form solution93

of xenon-chain reactive transport in a one-dimensional column for verifying the capability in NUFT.94

2.1. Analytical Solution95

The rate of change in radionuclide concentrations through a decay network can be expressed as96

(Sun et al., 2012)97

dc
dt

= Ac (1)98

where A [s−1] is the first-order reaction matrix defined by the reaction network architecture, branching99

factors, and reaction rates, and c [mol m−3] is the vector of concentrations. The solution of Eq. (1) can100

be symbolically expressed in an exponential form, c = co exp [−At], where co [mol m−3] is the vector101

of initial concentrations and t [s] is time. The concentration vector mainly relies on the evaluation of102

the exponential matrix (Moler and van Loan, 1978; Moral and Pacheco, 2003).103

Since both 131 and 133 networks are assumed to share the same reaction structure as shown in104

Figure 1a, the first-order reaction matrix A of 131 and 133 networks is expressed as105

A =





−k1 0 0 0 0 0 0 0
α1k1 −k2 0 0 0 0 0 0

0 α2k2 −k3 0 0 0 0 0
0 0 α3k3 −k4 0 0 0 0
0 0 α4k3 α6k4 −k5 0 0 0
0 0 0 α5k4 k5 −k6 0 0
0 0 0 0 0 α7k6 −k7 0
0 0 0 0 0 α8k6 k7 −k8





(2)106

and reaction matrix of 135 chain is107

A =





−k1 0 0 0 0
k1 −k2 0 0 0 0
0 α1k2 −k3 0 0 0
0 0 k3 −k4 0 0
0 0 0 α2k4 −k5 0
0 0 0 α3k4 k5 −k6




. (3)108

In Eqs. (2) and (3), k = ln(2)/t1/2 [s−1] is the first-order reaction rate, t1/2 [s] is the half-life time,109

α denotes branching factor (yield coefficient). Although Eq. (1) can be solved numerically (Clement110

et al., 1998; Kalinowski, 2011), closed-form solutions for 131, 133, and 135 reaction networks are111

derived for evaluating xenon production from nuclear detonations. Using the analytical singular-value112

decomposition (Sun et al., 2012), the reaction matrix A is analytically described as A = SΛS−, where113

Λ is an M × M diagonal matrix containing the eigenvalues of A, S is a matrix whose columns are114

linearly independent eigenvectors of A, S− is the inverse matrix of S, and the diagonal components of115

Λ are the exact reaction rates of the isotopes. Then, concentrations of all isotopes can be expressed116

analytically by using the closed-form expression of S and S−.117

S− and S called transformation matrices between the concentration domain and the transformed118

domain are expressed analytically as finite products of fractions of the form (Sun et al., 2012)119

S−
i,j =

Bi,j∑

ζ=1

[
αζ

ni,j∏

l=1

km(l)

km(l) − ki

]
(4)120
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Si,j =
Bi,j∑

ζ=1

[
αζ

kj

ki − kj

ni,j−1∏

l=1

km(l)

km(l) − kj

]
(5)121

where i is the current species index and j is an ancestor of species i, m(l) is the species index of lth122

ancestor of i, and ni,j is the generation gap between species j and i, ζ is the branch number index, αζ123

is branching factor, Bi,j is the number of branches to connect species i and j. If j is not an ancestor124

of i, S−
i,j and Si,j are defined to be zero. S−

i,j = Si,j = 1 when i = j.125

The transformation matrices of 131, 133, and 135 reaction networks are derived and explicitly126

expressed in Appendices A and B. As illustrated by Sun et al. (2008; 2012), once the analytical form127

of S and S− is derived, the singular-value decomposition can be applied to derive analytical solutions128

of c. If an analytical solution of a single-species transport coupled with first-order reaction is available,129

the closed-form solution of all species concentrations in the fully coupled xenon reaction network is130

derived using (4) and (5). Except for the unique formulation of S and S− for xenon reactions, the131

mathematical manipulation can be referred to Sun et al. (2008). The analytical solutions of chain132

reactions and one-dimensional chain-reactive transport are coded in MATLAB (MathWorks, 2000).133

2.2. Numerical Solution134

The USNT module of the NUFT computer code (Nitao, 1998; Hao et al., 2012) developed at135

Lawrence Livermore National Laboratory, is used to simulate multiphase and multi-species transport136

coupled with radioactive decay networks under non-isothermal conditions. Detailed description of the137

partial-differential equations is given by Hao et al. (2012). The generalized formulation of reaction138

kinetics fully coupled with mass- and energy-balance equations in the USNT module is expressed (Hao139

et al., 2012; Sun et al., 2012) as140

dωi

dt
= µi exp

[
E

RT0
− E

RT

] M∏

j=1

(
ω

aj

j · ωj

sj + ωj
· bj

bj + ωj

)
, i = 1, 2, · · · , N (6)141

where ri [mol kg−1 s−1] represents the molar-based reaction rate of reaction i, µ [mol kg−1 s−1] is the142

maximum (contaminant) utilization rate, ω [-] is mole fraction, N [-] is the number of reactions, T143

[K] is the temperature, T0 [K] is the reference temperature, s [kg kg−1] is the saturation constant, R144

[J mol−1K−1] is the gas constant, E [J mol−1] is the activation energy, a [-] is an exponent, and b [kg145

kg−1] is the inhibition constant. The maximum utilization rate µi is expressed as a linear function of146

mass-based ki [s−1] or half life t1/2 [s]147

µi =
ki

Mi
= − ln 2

Mit1/2,i
, i = 1, 2, · · · , N (7)148

where Mi [kg mol−1] is the molecular mass of species i.149

Assuming temperature-independent radioactive decay with ai=1, si=0, and bi=1.0×1030, the gen-150

eralized kinetics is simplified as the first-order xenon reactions151

dωi

dt
= − ln 2

Mit1/2,i
ωi = µiωi. (8)152

A decay chain (Fig. 1) is represented by N connected reactions. The stoichiometric equation for153

reaction i, for example, is expressed154

ωi
µi−→

Bi∑

ζ=1

αζωζ (9)155

where Bi is the number of branches for reaction i.156
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3. Model Validation and Code Verification157

There is always a tradeoff between computational expense and model complexity. A summary of158

relevant computer models and representative solutions is provided in Table 1. To justify the procedure159

in Sect. 2.1 and Sect. 2.2, we conduct validation and verification in the following steps160

1. Use MATLAB ode23s (MathWorks, 2000) to verify the analytical solution of xenon-chain reac-161

tion in a batch reactor in Sect. 2.1.162

2. Use the analytical singular-value decomposition to derive an analytical solution of single-gas163

phase and xenon-chain transport in one-dimensional semi-infinite column.164

3. Compare the NUFT results against the derived analytical solution in a batch reactor without165

considering transport.166

4. Compare the NUFT results against the derived analytical solution with single-gas transport in167

a 1-D column.168

Table 1. Computer models and solutions.

Dimension Transport Reaction Analytical Numerical
Single-species Exponential function ODE

0D Batch Sequential-chain Bateman (1910) ODEs
Xenon chain Sect. 2.1 ode23s

Liquid Single-species Bear (1979), P268 Nitao (1998)
1D Liquid Sequential-chain Sun et al. (1999a) Clement et al. (1998)

Liquid Complex chain Sun et al. (2012) Sun et al. (2008)
Gas Xenon chain Sect. 2.1 Sect. 2.2

2D Liquid Sequential chain Sun and Buscheck (2003) Nitao (1998)
vertical Gas Single species - Carrigan et al. (1996)
fracture Gas Complex chain - Lowrey et al. (2012)
3D Multiphase Complex chain - Sect. 2.2

The justification of selected physical processes is referred to Sun and Carrigan (2012). Parameters169

used in the validation and verification are listed in Tables 2 and 3.170

Table 2. Isotopes and half lives of xenon-reaction chain members.

Isotope Index 131 133 Index 135
In 1 0.282 [second] 0.180 [second]
Sn 2 39.00 [second] 1.45 [second] 1 0.418 [second]
Sb 3 23.03 [minute] 2.5 [minute] 2 1.71 [second]
mTe 4 30.0 [hour] 55.4 [minute]
Te 5 25.0 [minute] 12.5 [minute] 3 19.0 [second]
I 6 8.0207 [day] 20.8 [hour] 4 6.57 [hour]
mXe 7 11.84 [day] 2.19 [day] 5 15.29 [minute]
Xe 8 Stable [-] 5.243 [day] 6 9.14 [hour]
Data source: England and Rider (1994).
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Table 3. Branching factors of xenon chain reactions (Fig. 1).

Reaction Symbol England Saey Symbol England Saey
131 133 131 133 135 135

In→Sn α1 0.982 1.000 1.000 1.000 - 1.000 1.000
Sn→Sb α2 1.000 0.997 1.000 1.000 - 1.000 1.000
Sb→mTe α3 0.070 0.420 0.090 0.170 - 0.000 0.000
Sb→Te α4 0.930 0.580 0.910 0.830 α1 0.821 1.000
mTe→I α5 0.820 0.870 0.778 0.700 - 0.000 0.000
mTe→Te α6 0.180 0.130 0.222 0.175 - 0.000 0.000
I→mXe α7 0.014 0.028 0.012 0.029 α2 0.147 0.168
I→Xe α8 0.986 0.972 0.988 0.971 α3 0.853 0.834
England: England and Rider (1994). Saey: Saey et al. (2010).

3.1. Verification of Closed-Form Solution171

For the sake of speed, efficiency, and accuracy, the analytical solution is preferred to directly172

calculate radioxenon activities as well as for verifying the numerical computer code. Before doing173

so, it is necessary to verify if the analytical solution is derived and implemented correctly. Following174

Kalinowski (2011), full chain reactions of Xe-131,-133, and -135 series, with all possible branching and175

converging connections, are expressed by ordinary differential equations and solved numerically using176

the MATLAB Rosenbrock method (ode23s). Using independent yields and the reaction architecture of177

the 131 chain (Fig. 1a) assuming a 1 kt 235fU explosion (England and Rider, 1994), with the half lives178

(Table 2) and branching factors (Table 3, England and Rider, 1994), the time-dependent inventory of179

chain members is calculated as a function of time and compared as shown in Fig. 2.180

Further applying the analytical and MATLAB numerical solutions for the 133 and 135 series, the181

ratio correlation is calculated and compared in Fig. 3. While the analytical solution of the xenon-182

isotopic ratio correlation is in excellent agreement with Kalinowski’s (2011) numerical solution, the183

former has the advantage of not depending on the degree of convergence.184
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Figure 2. Comparison of mass profiles of 131 chain members calculated using analytical solution
(solid lines) and numerical results (squares) obtained using MATLAB ode23s for 1kt 235fU fission.

185

101 102 103 104 105

10−4

10−3

10−2

10−1

100

101

102

103

133mXe/131mXe

13
5 Xe

/13
3 Xe

 

 
u235f (A)
u238he (A)
pu239f (A)
u235f (N)
u238he (N)
pu239f (N)

Figure 3. Comparison of xenon-isotopic-ratio correlations calculated using analytical solution (solid
lines) and numerical results (dots) using MATLAB ode23s. The dashed lines represent the pure decay
scenarios without considering ingrowth. (A) and (N) denote analytical and numerical solutions,
respectively. Note that four xenon isotopes from three fission types were chosen to match Kalinowski
et al. (2010).
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3.2. Verification of NUFT187

Taking the 131 reaction network (i.e., decay chain with branching and convergence) (Fig. 1a) as188

an example, the kinetic reaction module of NUFT is verified by comparing numerical results against189

the derived analytical solution. To check the reaction package alone, transport processes are modeled190

with zero values of velocity, diffusivity, and dispersivity. Initial concentrations of all daughter species191

are assumed to be zero while the initial concentration of In-131 is assumed to be 1. The CPU time192

required for running the NUFT model is 27000 times greater than that required for evaluating the193

analytical solution. As shown in Fig. 4, the solution can be considered identical although the numerical194

solution requires much more CPU time.195
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Figure 4. Comparison of analytical and numerical solutions of Xe-131 chain reactions in a batch
reactor. (a) Concentrations of In-131, Sn-131, Sb-131, Te-131m, Te-131, and I-131. (b) Concentra-
tions of Xe-131m and Xe-131. Solid lines and squares represent analytical and numerical solutions,
respectively.

196

The analytical transformation matrices, Eqs. (4) and (5), are further used to formulate the analytical197

solution of transport coupled with radioactive decay networks. Using the same 131 reaction network,198

the numerical simulation of single-gas transport in a semi-infinite column is compared against the199

analytical solution in Fig. 5. Evaluation of the 1-D transport solution in this case is done analytically200

in about 1/3000 of the time required to obtain the numerical result. The formulation of the analytical201

solution is referred to Sun et al. (2012) with unique transformation matrices provided in Appendix A.202

For the availability of analytical solutions, flow velocity, diffusivity, and dispersivity are assumed to203

be the same and constant for all chain members.204
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4. Results and Analyses206

In this section, we present numerical results from models of (1) xenon-decay reaction in a batch207

reactor corresponding to Kalinowski (2011), (2) xenon-reactive transport in a vertical fracture corre-208

sponding to Lowrey et al. (2012), and (3) xenon reactive transport under non-isothermal conditions209

in the Test Bed #1 system.210

4.1. Xenon Production in A Batch Reactor211

In the absence of transport, the numerical solution of xenon-chain reactions represents source-term212

inventory of radionuclides as a function of time. Fig. 6 shows radioactivities of iodine and xenon213

isotopes from 1 kt 235fU detonation.214
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Figure 6. Radioactivities of (a) iodine and (b) xenon isotopes for 1kt 235fU fission.215
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Fig. 7 shows isotopic ratio correlations for the three fissioning types of Fig. 8 of Kalinowski et216

al. (2010). Since gas concentrations are mainly determined by linear physical processes, such as ad-217

vection, diffusion, dispersion, and first-order reactions, a meaningful log-log correlation (e.g., Fig. 7)218

of xenon isotopic ratios at low values of the isotopic ratios requires that the values of individual con-219

centrations be measured very accurately. Fig. 7 is also plotted on linear and semi-log scale as shown220

in Fig. 8. These alternative approaches to plotting the Kalinowski MIRC show that small values of221

isotopic ratios resulting from a UNE will tend to fall so close to the discrimination line (red-dashed222

line) that small errors or noise in making a ratio determination have the potential to affect the inter-223

pretation of a particular data point as to whether or not it results from a UNE.224
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light-water reactor is plotted as a reference (Kalinowski and Pistner, 2006).
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Figure 8. Isotopic ratio correlation of three fission types of Kalinowski et al. (2010) on (a) linear-
linear and (b) semi-log scales. The red dashed line is the discrimination line.226

4.2. Xenon Production and Transport in a Vertical Fracture227

In the NPE model (Carrigan et al., 1996; Sun and Carrigan, 2012, see Fig. 1b of Sun and Carrigan,228

2012), barometric pumping and diffusion are considered as the driving force for gas transport from229

the halo to the ground surface without considering chain reactions. This model with a single vertical230

fracture cutting through the rock matrix is similar to that of Lowrey et al. (2012) except for the231

implicitly coupled reactions. Using the fully coupled reaction capability developed in NUFT, we232

modified the NPE model by implementing independent yields in the halo zone as an initial condition233

and allowing full chain reactions in the entire domain. This model assumes that the radionuclide234

inventory resulting from the detonation is effectively distributed throughout the halo zone. The235

corresponding isotopic ratio correlation is calculated and plotted in Fig. 9. While data points (purple236

line) at 200-m depth closely track the Kalinowski decay-ingrowth curve, the xenon isotopic ratio237

correlation at shallower 4-m and 100-m depths does not track the decay and ingrowth curve but do238

cross the discrimination line. Note that radioactivities of xenon isotopes simulated at the depth of 4239

m are below the currently assumed measurable limit of 1 mBq m−3. Even though the MIRC can be240

modeled theoretically, the chart may not be practical because of non-detectable levels of radioactivity241

or missing isotopes such as Xe-135 which appears to limit the applicability of a 4-isotope plot to about242

10 days following an explosion.243
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Figure 9. Isotopic-ratio correlation computed as a function of time and depth in the single-fracture
NPE model for 1kt 235fU detonation. Radioactivities simulated at the depth of 4 m are below the
current measurable limit.

244

4.3. Xenon Production and Multiphase Transport245

To further investigate the effect of multiphase transport with phase partitioning between gas and246

liquid, we developed a model for a hypothetical nuclear explosion at Test Bed #1. The flow and247

transport model is similar to the much simpler Rainier model of Sun and Carrigan (2012). This more248
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sophisticated model assumes a non-isothermal, two-phase flow with water and air as principal com-249

ponents as considered before, but instead of assuming the presence of three independent components250

(Xe-133, Ar-37, and SF6), we now consider 22 chain-reaction members as minor components (Table251

2) fully coupled with first-order reaction networks as shown in Fig. 1. The geological formation is252

described as a dual-permeability medium of overlapping fracture and matrix continua with an as-253

sumed geometry of the cavity, chimney, and altered zone. The physical system is discretized in a254

radially-symmetric (cylindrical) coordinate system.255

Using this model, a series of numerical experiments were conducted allowing comparison of the roles256

of different transport processes on measured xenon isotopic concentrations. In the simulations, the257

spatial and temporal influence of isotopic migration by diffusion, barometric pumping, and thermally-258

induced advection caused by explosion-residual heat in the chimney was considered. The corresponding259

correlations of xenon isotopic ratios are plotted in Fig. 10 at 5-m depth and in the entire domain260

between 2.0 hours and 10 days.261
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Figure 10. Isotopic ratio correlation of 235fU detonation at Test Bed #1. (a) MIRC within the
depth of 5 m at 11 time steps between 2.0 hours and 10 days. (b) MIRC in the entire domain for
z ∈[0, 660] m and r ∈[0, 490] m at various times. (c) MIRC at 10 days as a function of radial
distance between 0 and 390 m at depth of 5, 100, and 260 m, which represent near-surface, above
chimney, and chimney conditions. (d) MIRC at (0, 5), (0, 100), and (0, 260) as functions of time.

262

We find that at early times (i.e., hours to days) to accurately quantify isotopic ratios of short-lived263

isotopes, such as 131mXe (11.93d), 133mXe (2.19d), 133Xe (5.24d), and 135Xe (9.10h), thermally-264

driven advection must be considered. Similar to the model results of the Rainier explosion (Sun and265

Carrigan, 2012), thermally-driven advection is the major physical process that delivers noble gases to266

the ground surface before the chimney temperature drops below the boiling point. With advection,267

four xenon isotopes reach the ground surface with radioactivities above 1 mBq m−3 at 2.0 hours.268

Without advection, 133mXe, never reaches the detection threshold at or near the ground surface.269

Matrix diffusion buffers (retards) gas-phase release from underground explosions. Compared to270

the thermally-driven advection, diffusion is a less sensitive physical process for early-time detection.271

Long-lived and stable isotopes, such as 131Xe and 135mXe, may also be delivered to the ground surface272

by barometric pumping in the post-boiling period.273

Figure 10c shows the MIRC at 10 days as a function of radial distance at various depths for near-274

surface (5 m), above-chimney (100 m), and chimney conditions (260 m). This simulation suggests275

that the MIRC from a deep drill-back hole may cross over the discrimination line. It is also observed276

in Figure 10d that the MIRC at the depth of 260 m migrates across the line at about 7 days.277

4.4. Effect of Branching Factors278

To this point we have only considered the effect of different transport processes on influencing279

measurable xenon isotopic ratios at the surface. We also investigated the effect of uncertainties280

of isotopic half lives and network branching factors on the values of isotopic ratios that might be281

measured at the surface. We find that the uncertainty of isotopic half lives reported by England and282

Rider (1994) does not significantly affect the ratio values. In addition, two different sets of branching283

factors reported in the literature as listed in Table 3 slightly affect the ratios. Those factors, defined by284

αζ in Sect. 2.1, determine the transformation matrices S− and S (Eqs. 4 and 5) and control the chain-285

reaction yields of daughter isotopes. To understand the effect of those factors on xenon production,286

we ran the analytical solution for three typical fissions in a batch reactor mode and produced the287

correlation of xenon isotopic ratios as shown in Fig. 11. The two curves agree well with each other on288

the log-log scale and (Fig. 11), even though the discrepancy in the calculation of the radioactivities289

can reach 16% on a linear scale as shown in Fig. 12. Thus, we do not consider either the current290

uncertainty in half lives or branching factors to be a major impediment to the practical simulation of291

xenon isotopic ratios as measured at the surface. Indeed, such uncertainties are small compared to292

the geo-hydrologic uncertainty present in the base model.293
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Figure 11. Comparison of xenon-isotopic ratio correlations on log-log scale using branching ratios
from England and Rider (1994) and ENSDF (2009) for (a) 235fU, (b) 238heU, and (c) 239fPu. Note
that the dashed curves represent results using ENSDF (2009) and the shaded area bounded with
solid lines denotes the results using England and Rider (1994).

294
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Figure 12. Relative difference in radioactivities of (a) Xe-131m, (b) Xe-133m, (c) Xe-133, and (d)
Xe-135 between England and Rider (1994) and ENSDF (2009) branching factors.295

5. Discussion and Conclusions296

A computer model has been developed for studying radioxenon production from underground nu-297

clear detonations and multiphase transport from the detonation point to the ground surface. To298

validate the model and verify the corresponding computer code, we derived analytical solutions of299

xenon chain reactions in a batch reactor mode and also single-gas phase transport coupled with chain300

reactions in a one-dimensional column. Calculations involving these analytical and numerical models301

were performed in this paper to gain the following key insights:302

1. Isotopic-ratio correlation between Xe-133m/Xe-131m and Xe-135/Xe133, developed by Kali-303

nowski et al. (2010), can be derived using analytical singular-value decomposition. The analyti-304

cal solution derived avoids the additional effort of implementing stiff ode solvers and produces a305

time-dependent inventory of all chain decay members, as well as the isotopic-ratio correlations,306

at a much reduced computational cost.307

2. An analytical solution of single-gas phase transport coupled with radioactive fission chain re-308

actions was derived for verifying the numerical model and studying single-gas transport fully309

coupled with first-order chain reactions.310
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3. The numerical model of multiple-phase transport fully coupled with xenon-chain reactions is311

validated and verified to the extent possible. It can be used as a numerical laboratory for studying312

underground-explosion-relevant signals and their potential application to discriminating between313

UNE and civilian events.314

4. Different branching factors, as shown in Fig. 1, were reported in the literature. The resulting dis-315

crepancy in modeled isotopic-ratio correlation looks insignificant on a log-log scale even though316

the relative error of modeled xenon radioactivities, at the ground surface of Test Bed #1, can317

be as high as 16%.318

5. A model of single-gas-phase transport in a vertical fracture does not represent the transport319

driven by explosion residual heat. As indicated by Sun and Carrigan (2012), the thermally320

driven advection and phase change are the major force to deliver noble gases to the ground321

surface at early times. However, as the residual heat declines, barometric pumping becomes322

progressively more important for transporting long-life isotopes. Thermally driven advection is323

likely to be the principal mechanism responsible for transporting short-life isotopes to the surface324

in the days immediately following a well-contained UNE. To facilitate further comparison of the325

relationship between IMS and OSI isotopic measurements, the subsurface transport model fully326

coupled with chain reactions can serve as a source in both IMS large-scale atmospheric and OSI327

subsurface models.328

6. The effect of geological uncertainties (structure and parametric) on xenon isotopic activities at329

the ground surface is significant. Further uncertainty quantification is needed for evaluating330

model predictability and reliability.331

7. The Kalinowski MIRC appears to be highly appropriate in its application to atmospheric gas332

releases from above-ground or poorly contained underground nuclear explosions. However, for333

more well-contained scenarios, such as the one investigated here, the simulated isotopic ratios as334

plotted on the MIRC are complicated due to gas mixing and transport which include the effects335

of subsurface chemical fractionation, time-dependent nuclide inventories, and dual-permeability336

fractured rock. In the simulations presented here, xenon isotopic ratios were found to be both337

temporally and spatially dependent. At some distances from surface ground zero, it was found338

that the ratios would cross the discrimination line depending on the depth at which the gas339

concentrations are evaluated. Because of the short half-life of Xe-135 (9.10 h), creating a 4-340

isotope MIRC may only be possible if the isotopes can be measured during the first few days341

following a UNE.342

8. Finally, we find a somewhat counter-intuitive result when xenon isotopic ratios are plotted for343

different depths on a MIRC (Fig. 10c) since shallower depths appear to yield ratios that are344

clearly in the nuclear explosion domain while ratios calculated for greater depths, that is, closer345

to the detonation point, appear to produce ratios that can fall across the discrimination line346

into the civilian nuclear activity domain. This is a difficult result that demands more detailed347

consideration requiring additional modeling of the spatial isotopic distribution as a function of348

time.349
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Appendix A: Transformation Matrices of 131 and 133 Decay Networks359

Transformation matrices S− and S of 131 and 133 decay networks are formulated as:360

S− =





1 0 0 0 0 0 0 0
α1k1

k1−k2
1 0 0 0 0 0 0

S−
3,1

α2k2
k2−k3

1 0 0 0 0 0
S−

4,1 S−
4,2

α3k3
k3−k4

1 0 0 0 0
S−

5,1 S−
5,2 S−

5,3
α6k4

k4−k5
1 0 0 0

S−
6,1 S−

6,2 S−
6,3 S−

6,4
k5

k5−k6
1 0 0

S−
7,1 S−

7,2 S−
7,3 S−

7,4 S−
7,5

α7k6
k6−k7

1 0
S−

8,1 S−
8,2 S−

8,3 S−
8,4 S−

8,5 S−
8,6

k7
k7−k8

1





(10)361

where

S−
3,1 =

α1k1

k1 − k3
· α2k2

k2 − k3
(1 −→α1 2 −→α2 3)

S−
4,1 =

α1k1

k1 − k4
· α2k2

k2 − k4
· α3k3

k3 − k4
(1 −→α1 2 −→α2 3 −→α3 4)

S−
5,1 =

α1k1

k1 − k5
· α2k2

k2 − k5
· α3k3

k3 − k5
· α6k4

k4 − k5
(1 −→α1 2 −→α2 3 −→α3 4 −→α6 5)

+
α1k1

k1 − k5
· α2k2

k2 − k5
· α4k3

k3 − k5
(1 −→α1 2 −→α2 3 −→α4 5)

S−
6,1 =

α1k1

k1 − k6
· α2k2

k2 − k6
· α3k3

k3 − k6
· α5k4

k4 − k6
(1 −→α1 2 −→α2 3 −→α3 4 −→α5 6)

+
α1k1

k1 − k6
· α2k2

k2 − k6
· α3k3

k3 − k6
· α6k4

k4 − k6
· k5

k5 − k6
(1 −→α1 2 −→α2 3 −→α3 4 −→α6 5 → 6)

+
α1k1

k1 − k6
· α2k2

k2 − k6
· α4k3

k3 − k6
· k5

k5 − k6
(1 −→α1 2 −→α2 3 −→α4 5 → 6)

S−
7,1 =

α1k1

k1 − k7
· α2k2

k2 − k7
· α3k3

k3 − k7
· α5k4

k4 − k7
· α7k6

k6 − k7
(1 −→α1 2 −→α2 3 −→α3 4 −→α5 6 −→α77)

+
α1k1

k1 − k7
· α2k2

k2 − k7
· α3k3

k3 − k7
· α6k4

k4 − k7
· k5

k5 − k7
· α7k6

k6 − k7
(1 −→α1 2 −→α2 3 −→α3 4 −→α6 5 → 6 −→α7 7)

+
α1k1

k1 − k7
· α2k2

k2 − k7
· α4k3

k3 − k7
· k5

k5 − k7
· α7k6

k6 − k7
(1 −→α1 2 −→α2 3 −→α4 5 → 6 −→α7 7)

S−
8,1 =

α1k1

k1 − k8
· α2k2

k2 − k8
· α3k3

k3 − k8
· α5k4

k4 − k8
· α7k6

k6 − k8
· k7

k7 − k8
(1 −→α1 2 −→α2 3 −→α3 4 −→α5 6 −→α7 7 → 8)

+
α1k1

k1 − k8
· α2k2

k2 − k8
· α3k3

k3 − k8
· α5k4

k4 − k8
· α8k6

k6 − k8
(1 −→α1 2 −→α2 3 −→α3 4 −→α5 6 −→α8 8)

+
α1k1

k1 − k8
· α2k2

k2 − k8
· α3k3

k3 − k8
· α6k4

k4 − k8
· k5

k5 − k8
· α7k6

k6 − k8
· k7

k7 − k8
(1 −→α1 2 −→α2 3 −→α3 4 −→α6 5 → 6 −→α7 7 → 8)

+
α1k1

k1 − k8
· α2k2

k2 − k8
· α3k3

k3 − k8
· α6k4

k4 − k8
· k5

k5 − k8
· α8k6

k6 − k8
(1 −→α1 2 −→α2 3 −→α3 4 −→α6 5 → 6 −→α8 8)

+
α1k1

k1 − k8
· α2k2

k2 − k8
· α4k3

k3 − k8
· k5

k5 − k8
· α7k6

k6 − k8
· k7

k7 − k8
(1 −→α1 2 −→α2 3 −→α4 5 → 6 −→α7 7 → 8)

+
α1k1

k1 − k8
· α2k2

k2 − k8
· α4k3

k3 − k8
· k5

k5 − k8
· α8k6

k6 − k8
(1 −→α1 2 −→α2 3 −→α4 5 → 6 −→α8 8)
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S−
4,2 =

α2k2

k2 − k4
· α3k3

k3 − k4
(2 −→α2 3 −→α3 4)

S−
5,2 =

α2k2

k2 − k5
· α3k3

k3 − k5
· α6k4

k4 − k5
(2 −→α2 3 −→α3 4 −→α6 5)

+
α2k2

k2 − k5
· α4k3

k3 − k5
(2 −→α2 3 −→α4 5)

S−
6,2 =

α2k2

k2 − k6
· α3k3

k3 − k6
· α5k4

k4 − k6
(2 −→α2 3 −→α3 4 −→α5 6)

+
α2k2

k2 − k6
· α3k3

k3 − k6
· α6k4

k4 − k6
· k5

k5 − k6
(2 −→α2 3 −→α3 4 −→α6 5 → 6)

+
α2k2

k2 − k6
· α4k3

k3 − k6
· k5

k5 − k6
(2 −→α2 3 −→α4 5 → 6)

S−
7,2 =

α2k2

k2 − k7
· α3k3

k3 − k7
· α5k4

k4 − k7
· α7k6

k6 − k7
(2 −→α2 3 −→α3 4 −→α5 6 −→α7 7)

+
α2k2

k2 − k7
· α3k3

k3 − k7
· α6k4

k4 − k7
· k5

k5 − k7
· α7k6

k6 − k7
(2 −→α2 3 −→α3 4 −→α6 5 → 6 −→α7 7)

+
α2k2

k2 − k7
· α4k3

k3 − k7
· k5

k5 − k7
· α7k6

k6 − k7
(2 −→α2 3 −→α4 5 → 6 −→α7 7)

S−
8,2 =

α2k2

k2 − k8
· α3k3

k3 − k8
· α5k4

k4 − k8
· α7k6

k6 − k8
· k7

k7 − k8
(2 −→α2 3 −→α3 4 −→α5 6 −→α7 7 → 8)

+
α2k2

k2 − k8
· α3k3

k3 − k8
· α5k4

k4 − k8
· α8k6

k6 − k8
(2 −→α2 3 −→α3 4 −→α5 6 −→α8 8)

+
α2k2

k2 − k8
· α3k3

k3 − k8
· α6k4

k4 − k8
· k5

k5 − k8
· α7k6

k6 − k8
· k7

k7 − k8
(2 −→α2 3 −→α3 4 −→α6 5 → 6 −→α7 7 → 8)

+
α2k2

k2 − k8
· α3k3

k3 − k8
· α6k4

k4 − k8
· k5

k5 − k8
· α8k6

k6 − k8
(2 −→α2 3 −→α3 4 −→α6 5 → 6 −→α8 8)

+
α2k2

k2 − k8
· α4k3

k3 − k8
· k5

k5 − k8
· α7k6

k6 − k8
· k7

k7 − k8
(2 −→α2 3 −→α4 5 → 6 −→α7 7 → 8)

+
α2k2

k2 − k8
· α4k3

k3 − k8
· k5

k5 − k8
· α8k6

k6 − k8
(2 −→α2 3 −→α4 5 → 6 −→α8 8)

S−
5,3 =

α3k3

k3 − k5
· α6k4

k4 − k5
(3 −→α3 4 −→α6 5)

+
α4k3

k3 − k5
(3 −→α4 5)

S−
6,3 =

α3k3

k3 − k6
· α5k4

k4 − k6
(3 −→α3 4 −→α5 6)

+
α3k3

k3 − k6
· α6k4

k4 − k6
· k5

k5 − k6
(3 −→α3 4 −→α6 5 → 6)

+
α4k3

k3 − k6
· k5

k5 − k6
(3 −→α4 5 → 6)

S−
7,3 =

α3k3

k3 − k7
· α5k4

k4 − k7
· α7k6

k6 − k7
(3 −→α3 4 −→α5 6 −→α7 7)

+
α3k3

k3 − k7
· α6k4

k4 − k7
· k5

k5 − k7
· α7k6

k6 − k7
(3 −→α3 4 −→α6 5 → 6 −→α7 7)

+
α4k3

k3 − k7
· k5

k5 − k7
· α7k6

k6 − k7
(3 −→α4 5 → 6 −→α7 7)

S−
8,3 =

α3k3

k3 − k8
· α5k4

k4 − k8
· α7k6

k6 − k8
· k7

k7 − k8
(3 −→α3 4 −→α5 6 −→α7 7 → 8)
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+
α3k3

k3 − k8
· α5k4

k4 − k8
· α8k6

k6 − k8
(3 −→α3 4 −→α5 6 −→α8 8)

+
α3k3

k3 − k8
· α6k4

k4 − k8
· k5

k5 − k8
· α7k6

k6 − k8
· k7

k7 − k8
(3 −→α3 4 −→α6 5 → 6 −→α7 7 → 8)

+
α3k3

k3 − k8
· α6k4

k4 − k8
· k5

k5 − k8
· α8k6

k6 − k8
(3 −→α3 4 −→α6 5 → 6 −→α8 8)

+
α4k3

k3 − k8
· k5

k5 − k8
· α7k6

k6 − k8
· k7

k7 − k8
(3 −→α4 5 → 6 −→α7 7 → 8)

+
α4k3

k3 − k8
· k5

k5 − k8
· α8k6

k6 − k8
(3 −→α4 5 → 6 −→α8 8)

S−
6,4 =

α5k4

k4 − k6
(4 −→α5 6)

+
α6k4

k4 − k6
· k5

k5 − k6
(4 −→α6 5 → 6)

S−
7,4 =

α5k4

k4 − k7
· α7k6

k6 − k7
(4 −→α5 6 −→α7 7)

+
α6k4

k4 − k7
· k5

k5 − k7
· α7k6

k6 − k7
(4 −→α6 5 → 6 −→α7 7)

S−
8,4 =

α5k4

k4 − k8
· α7k6

k6 − k8
· k7

k7 − k8
(4 −→α5 6 −→α7 7 → 8)

+
α5k4

k4 − k8
· α8k6

k6 − k8
(4 −→α5 6 −→α8 8)

+
α6k4

k4 − k8
· k5

k5 − k8
· α7k6

k6 − k8
· k7

k7 − k8
(4 −→α6 5 → 6 −→α7 7 → 8)

+
α6k4

k4 − k8
· k5

k5 − k8
· α8k6

k6 − k8
(4 −→α6 5 → 6 −→α8 8)

S−
7,5 =

k5

k5 − k7
· α7k6

k6 − k7
(5 → 6 −→α7 7)

S−
8,5 =

k5

k5 − k8
· α7k6

k6 − k8
· k7

k7 − k8
(5 → 6 −→α7 7 → 8)

+
k5

k5 − k8
· α8k6

k6 − k8
(5 → 6 −→α8 8)

S−
8,6 =

α7k6

k6 − k8
· k7

k7 − k8
(6 −→α7 7 → 8)

+
α8k6

k6 − k8
(6 −→α8 8),

and362

S =





1 0 0 0 0 0 0 0
α1k1

k2−k1
1 0 0 0 0 0 0

S3,1
α2k2

k3−k2
1 0 0 0 0 0

S4,1 S4,2
α3k3

k4−k3
1 0 0 0 0

S5,1 S5,2 S5,3
α6k4

k5−k4
1 0 0 0

S6,1 S6,2 S6,3 S6,4
k5

k6−k5
1 0 0

S7,1 S7,2 S7,3 S7,4 S7,5
α7k6

k7−k6
1 0

S8,1 S8,2 S8,3 S8,4 S8,5 S8,6
k7

k8−k7
1





(11)363
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where

S3,1 =
α1k1

k3 − k1
· α2k2

k2 − k1
(1 −→α1 2 −→α2 3)

S4,1 =
α1k1

k4 − k1
· α2k2

k2 − k1
· α3k3

k3 − k1
(1 −→α1 2 −→α2 3 −→α3 4)

S5,1 =
α1k1

k5 − k1
· α2k2

k2 − k1
· α3k3

k3 − k1
· α6k4

k4 − k1
(1 −→α1 2 −→α2 3 −→α3 4 −→α6 5)

+
α1k1

k5 − k1
· α2k2

k2 − k1
· α4k3

k3 − k1
(1 −→α1 2 −→α2 3 −→α4 4)

S6,1 =
α1k1

k6 − k1
· α2k2

k2 − k1
· α3k3

k3 − k1
· α6k4

k4 − k1
· k5

k5 − k1
(1 −→α1 2 −→α2 3 −→α3 4 −→α6 5 → 6)

+
α1k1

k6 − k1
· α2k2

k2 − k1
· α3k3

k3 − k1
· α5k4

k4 − k1
(1 −→α1 2 −→α2 3 −→α3 4 −→α5 6)

+
α1k1

k6 − k1
· α2k2

k2 − k1
· α4k3

k3 − k1
· k5

k5 − k1
(1 −→α1 2 −→α2 3 −→α4 5 → 6)

S7,1 =
α1k1

k7 − k1
· α2k2

k2 − k1
· α3k3

k3 − k1
· α5k4

k4 − k1
· α7k6

k6 − k1
(1 −→α1 2 −→α2 3 −→α5 6 −→α7 7)

+
α1k1

k7 − k1
· α2k2

k2 − k1
· α3k3

k3 − k1
· α6k4

k4 − k1
· k5

k5 − k1
· α7k6

k6 − k1
(1 −→α1 2 −→α2 3 −→α3 4 −→α6 5 → 6 −→α7 7)

+
α1k1

k7 − k1
· α2k2

k2 − k1
· α4k3

k3 − k1
· k5

k5 − k1
· α7k6

k6 − k1
(1 −→α1 2 −→α2 3 −→α4 5 → 6 −→α7 7)

S8,1 =
α1k1

k8 − k1
· α2k2

k2 − k1
· α3k3

k3 − k1
· α5k4

k4 − k1
· α7k6

k6 − k1
· k7

k7 − k1
(1 −→α1 2 −→α2 3 −→α3 4 −→α5 6 −→α7 7 → 8)

+
α1k1

k8 − k1
· α2k2

k2 − k1
· α3k3

k3 − k1
· α5k4

k4 − k1
· α8k6

k6 − k1
(1 −→α1 2 −→α2 3 −→α3 4 −→α5 6 −→α8 8)

+
α1k1

k8 − k1
· α2k2

k2 − k1
· α3k3

k3 − k1
· α6k4

k4 − k1
· k5

k5 − k1
· α7k6

k6 − k1
· k7

k7 − k1
(1 −→α1 2 −→α2 3 −→α3 4 −→α6 5 → 6 −→α7 7 → 8)

+
α1k1

k8 − k1
· α2k2

k2 − k1
· α3k3

k3 − k1
· α6k4

k4 − k1
· k5

k5 − k1
· α8k6

k6 − k1
(1 −→α1 2 −→α3 3 −→α3 4 −→α6 5 → 6 −→α8 8)

+
α1k1

k8 − k1
· α2k2

k2 − k1
· α4k3

k3 − k1
· k5

k5 − k1
· α7k6

k6 − k1
· k7

k7 − k1
(1 −→α1 2 −→α2 3 −→α4 5 → 6 −→α7 7 → 8)

+
α1k1

k8 − k1
· α2k2

k2 − k1
· α4k3

k3 − k1
· k5

k5 − k1
· α8k6

k6 − k1
(1 −→α1 2 −→α2 3 −→α4 5 → 6 −→α8 8)

S4,2 =
α2k2

k4 − k2
· α3k3

k3 − k2
(2 −→α2 3 −→α3 4)

S5,2 =
α2k2

k5 − k2
· α3k3

k3 − k2
· α6k4

k4 − k2
(2 −→α2 3 −→α3 4 −→α6 5)

+
α2k2

k5 − k2
· α4k3

k3 − k2
(2 −→α2 3 −→α4 5)

S6,2 =
α2k2

k6 − k2
· α3k3

k3 − k2
· α5k4

k4 − k2
(2 −→α2 3 −→α3 4 −→α5 6)

+
α2k2

k6 − k2
· α3k3

k3 − k2
· α6k4

k4 − k2
· k5

k5 − k2
(2 −→α2 3 −→α3 4 −→α6 5 → 6)

+
α2k2

k6 − k2
· α4k3

k3 − k2
· k5

k5 − k2
(2 −→α2 3 −→α4 5 → 6)

S7,2 =
α2k2

k7 − k2
· α3k3

k3 − k2
· α5k4

k4 − k2
· α7k6

k6 − k2
(2 −→α2 3 −→α3 4 −→α5 6 −→α7 7)
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+
α2k2

k7 − k2
· α3k3

k3 − k2
· α6k4

k4 − k2
· k5

k5 − k2
· α7k6

k6 − k2
(2 −→α2 3 −→α3 4 −→α6 5 → 6 −→α7 7)

+
α2k2

k7 − k2
· α4k3

k3 − k2
· k5

k5 − k2
· α7k6

k6 − k2
(2 −→α2 3 −→α4 5 → 6 −→α7 7)

S8,2 =
α2k2

k8 − k2
· α3k3

k3 − k2
· α5k4

k4 − k2
· α7k6

k6 − k2
· k7

k7 − k2
(2 −→α2 3 −→α3 4 −→α5 6 −→α7 7 → 8)

+
α2k2

k8 − k2
· α3k3

k3 − k2
· α5k4

k4 − k2
· α8k6

k6 − k2
(2 −→α2 3 −→α3 4 −→α5 6 −→α8 8)

+
α2k2

k8 − k2
· α3k3

k3 − k2
· α6k4

k4 − k2
· k5

k5 − k2
· α7k6

k6 − k2
· k7

k7 − k2
(2 −→α2 3 −→α3 4 −→α6 5 → 6 −→α7 7 → 8)

+
α2k2

k8 − k2
· α3k3

k3 − k2
· α6k4

k4 − k2
· k5

k5 − k2
· α8k6

k6 − k2
(2 −→α2 3 −→α3 4 −→α6 5 → 6 −→α8 7)

+
α2k2

k8 − k2
· α4k3

k3 − k2
· k5

k5 − k2
· α7k6

k6 − k2
· k7

k7 − k2
(2 −→α2 3 −→α4 5 → 6 −→α7 7 → 8)

+
α2k2

k8 − k2
· α4k3

k3 − k2
· k5

k5 − k2
· α8k6

k6 − k2
(2 −→α2 3 −→α4 5 → 6 −→α8 8)

S5,3 =
α3k3

k5 − k3
· α6k4

k4 − k3
(3 −→α3 4 −→α6 5)

+
α4k3

k5 − k3
(3 −→α4 5)

S6,3 =
α3k3

k6 − k3
· α5k4

k4 − k3
(3 −→α3 4 −→α5 6)

+
α3k3

k6 − k3
· α6k4

k4 − k3
· k5

k5 − k3
(3 −→α3 4 −→α6 5 → 6)

+
α4k3

k6 − k3
· k5

k5 − k3
(3 −→α4 5 → 6)

S7,3 =
α3k3

k7 − k3
· α5k4

k4 − k3
· α7k6

k6 − k3
(3 −→α3 4 −→α5 6 −→α7 7)

+
α3k3

k7 − k3
· α6k4

k4 − k3
· k5

k5 − k3
· α7k6

k6 − k3
(3 −→α3 4 −→α6 5 → 6 −→α7 7)

+
α4k3

k7 − k3
· k5

k5 − k3
· α7k6

k6 − k3
(3 −→α4 5 → 6 −→α7 7)

S8,3 =
α3k3

k8 − k3
· α5k4

k4 − k3
· α7k6

k6 − k3
· k7

k7 − k3
(3 −→α3 4 −→α5 6 −→α7 7 → 8)

+
α3k3

k8 − k3
· α5k4

k4 − k3
· α8k6

k6 − k3
(3 −→α3 4 −→α5 6 −→α8 8)

+
α3k3

k8 − k3
· α6k4

k4 − k3
· k5

k5 − k3
· α7k6

k6 − k3
· k7

k7 − k3
(3 −→α3 4 −→α6 5 → 6 −→α7 7 → 8)

+
α3k3

k8 − k3
· α6k4

k4 − k3
· k5

k5 − k3
· α8k6

k6 − k3
(3 −→α3 4 −→α6 5 → 6 −→α8 8)

+
α4k3

k8 − k3
· k5

k5 − k3
· α7k6

k6 − k3
· k7

k7 − k3
(3 −→α4 5 → 6 −→α7 7 → 8)

+
α4k3

k8 − k3
· k5

k5 − k3
· α8k6

k6 − k3
(3 −→α4 5 → 6 −→α8 8)

S6,4 =
α5k4

k6 − k4
(4 −→α5 6)

+
α6k4

k6 − k4
· k5

k5 − k4
(4 −→α6 5 → 6)
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S7,4 =
α5k4

k7 − k4
· α7k6

k6 − k4
(4 −→α5 6 −→α7 7)

+
α6k4

k7 − k4
· k5

k5 − k4
· α7k6

k6 − k4
(4 −→α6 5 → 6 −→α7 7)

S8,4 =
α5k4

k8 − k4
· α7k6

k6 − k4
· k7

k7 − k4
(4 −→α5 6 −→α7 7 → 8)

+
α5k4

k8 − k4
· α8k6

k6 − k4
(4 −→α5 6 −→α8 8)

+
α6k4

k8 − k4
· k5

k5 − k4
· α7k6

k6 − k4
· k7

k7 − k4
(4 −→α6 5 → 6 −→α7 7 → 8)

+
α6k4

k8 − k4
· k5

k5 − k4
· α8k6

k6 − k4
(4 −→α6 5 → 6 −→α8 8)

S7,5 =
k5

k7 − k5
· α7k6

k6 − k5
(5 → 6 −→α7 7)

S8,5 =
k5

k8 − k5
· α7k6

k6 − k5
· k7

k7 − k5
(5 → 6 −→α7 7 → 8)

+
k5

k8 − k5
· α8k6

k6 − k5
(5 → 6 −→α8 8)

S8,6 =
α7k6

k8 − k6
· k7

k7 − k6
(6 −→α7 7 → 8)

+
α8k6

k8 − k6
(6 −→α8 8).

Appendix B: Transformation Matrices of 135 Decay Network364

Transformation matrices S− and S of 135 decay networks are formulated as:365

S− =





1 0 0 0 0 0
k1

k1−k2
1 0 0 0 0

S−
3,1

α1k2
k2−k3

1 0 0 0
S−

4,1 S−
4,2

k3
k3−k4

1 0 0
S−

5,1 S−
5,2 S−

5,3
α2k4

k4−k5
1 0

S−
6,1 S−

6,2 S−
6,3 S−

6,4
k5

k5−k6
1





(12)366

where

S−
3,1 =

k1

k1 − k3
· α1k2

k2 − k3
(1 → 2 −→α1 3)

S−
4,1 =

k1

k1 − k4
· α1k2

k2 − k4
· k3

k3 − k4
(1 → 2 −→α1 2 → 3 → 4)

S−
5,1 =

k1

k1 − k5
· α1k2

k2 − k5
· k3

k3 − k5
· α2k4

k4 − k5
(1 → 2 −→α1 2 → 3 → 4 −→α2 5)

S−
6,1 =

k1

k1 − k6
· k2

k2 − k6
· α1 · k3

k3 − k6
· α3k4

k4 − k6
(1 → 2 −→α1 2 → 3 → 4 −→α3 6)

+
k1

k1 − k6
· k2

k2 − k6
· α1k3

k3 − k6
· α2k4

k4 − k6
· k5

k5 − k6
(1 → 2 −→α1 2 → 3 → 4 −→α2 5 → 6)

S−
4,2 =

α1k2

k2 − k4
· k3

k3 − k4
(2 −→α1 3 → 4)

S−
5,2 =

α1k2

k2 − k5
· k3

kk3 − k5
· α2k4

k4 − k5
(2 −→α1 3 → 4 −→α2 5)
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S−
6,2 =

k2

k2 − k6
· α1 · k3

k3 − k6
· α3k4

k4 − k6
(2 −→α1 2 → 3 → 4 −→α3 6)

+ · k2

k2 − k6
· α1k3

k3 − k6
· α2k4

k4 − k6
· k5

k5 − k6
(2 −→α1 3 → 4 −→α2 5 → 6)

S−
5,3 =

k3

k3 − k5
· α2k4

k4 − k5
(3 → 4 −→α2 5)

S−
6,3 =

α1 · k3

k3 − k6
· α3k4

k4 − k6
(3 → 4 −→α3 6)

+
α1k3

k3 − k6
· α2k4

k4 − k6
· k5

k5 − k6
(3 → 4 −→α2 5 → 6)

S−
6,4 =

α3k4

k4 − k6
(4 −→α3 6)

+
α2k4

k4 − k6
· k5

k5 − k6
(4 −→α2 5 → 6)

and367

S− =





1 0 0 0 0 0
k1

k2−k1
1 0 0 0 0

S3,1
α1k2

k3−k2
1 0 0 0

S4,1 S4,2
k3

k4−k3
1 0 0

S5,1 S5,2 S5,3
α2k4

k5−k4
1 0

S6,1 S6,2 S6,3 S6,4
k5

k6−k3
1





(13)368

where

S3,1 =
k1

k3 − k1
· α1k2

k2 − k1
(1 → 2 −→α1 3)

S4,1 =
k1

k4 − k1
· α1k2

k2 − k1
· k3

k3 − k1
(1 → 2 −→α1 2 → 3 → 4)

S5,1 =
k1

k5 − k1
· α1k2

k2 − k1
· k3

k3 − k1
· α2k4

k4 − k1
(1 → 2 −→α1 2 → 3 → 4 −→α2 5)

S6,1 =
k1

k6 − k1
· k2

k2 − k1
· α1 · k3

k3 − k1
· α3k4

k4 − k1
(1 → 2 −→α1 2 → 3 → 4 −→α3 6)

+
k1

k6 − k1
· k2

k2 − k1
· α1k3

k3 − k1
· α2k4

k4 − k1
· k5

k5 − k1
(1 → 2 −→α1 2 → 3 → 4 −→α2 5 → 6)

S4,2 =
α1k2

k4 − k2
· k3

k3 − k2
(2 −→α1 3 → 4)

S5,2 =
α1k2

k5 − k2
· k3

kk3 − k2
· α2k4

k4 − k2
(2 −→α1 3 → 4 −→α2 5)

S6,2 =
k2

k6 − k2
· α1 · k3

k3 − k2
· α3k4

k4 − k2
(2 −→α1 2 → 3 → 4 −→α3 6)

+ · k2

k2 − k6
· α1k3

k3 − k6
· α2k4

k4 − k6
· k5

k5 − k6
(2 −→α1 3 → 4 −→α2 5 → 6)

S5,3 =
k3

k5 − k3
· α2k4

k4 − k3
(3 → 4 −→α2 5)

S6,3 =
α1 · k3

k6 − k3
· α3k4

k4 − k3
(3 → 4 −→α3 6)

+
α1k3

k6 − k3
· α2k4

k4 − k3
· k5

k5 − k3
(3 → 4 −→α2 5 → 6)
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S6,4 =
α3k4

k6 − k4
(4 −→α3 6)

+
α2k4

k6 − k4
· k5

k5 − k4
(4 −→α2 5 → 6).
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